ASYMPTOTIC BEHAVIOR OF POSITIVE SOLUTIONS OF SOME 
QUASILINEAR ELLIPTIC PROBLEMS 



ZONGMING GUO AND LI MA 

Abstract. We discuss the asymptotic behavior of positive solutions of the quasi- 
Unear eUiptic problem — ApU = au^"^ — b{x)u'^, u\gQ = Oa,sq^p— 1 + and 
as 9 — !■ oo via a scale argument. Here Ap is the p-Laplacian with 1 < p < oo and 
q > I. If p = 2, such problems arise in population dynamics. Our main results 
generalize the results for p — 2, but some technical difficulties arising from the 
nonlinear degenerate operator — Ap are successfully overcome. As a by-product, 
we can solve a free boundary problem for a nonlinear p-Laplacian equation. 



1. Introduction 

Let n C R^ (A^ > 1) be a bounded smooth domain. We study the asymptotic 
behavior of positive solutions of the problem 

—ApU = anF~^ — b{x)u'^ in u\gn = (1.1) 

for q near p — 1 and near oo, respectively. Here ApU = dw{\Du\^^^ Du) with 1 < p < 
oo, b{x) is a nonnegative function in a and q are constants but q is always 

greater than p—1. 

Problem (1.1) with p = 2 arises from mathematical biology and Riemannian 
geometry, and has attracted considerable interests; see, for example, [AT, AM, Da, 
DD, DDM, dP, FKLM, He, KW, Ma, Ou]. For general p > I, (1.1) has been 
considered in [CDG, DGl-2, Gul-3, GZ, GZh, To]. The applications of (1.1) with 
p > 1 can be found in [DGl]. We are concerned only with positive solutions of (1.1). 
We say u a positive solution of (1.1) if m G Wq'^{Q) fl C^{Q) satisfies (1.1) in the 
weak sense with u > in Q. 

When b{x) is strictly positive on Q, it is known from [DGl] that for fixed q > p—1 
it has no positive solution if a < and there is a unique positive solution u = Ua 
when a > Xi, where denotes the first eigenvalue of the problem 

—ApU = \\u\^~'^u, ulon = 0. 
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Moreover, a — > is continuous and strictly increasing as a function from (A^, oo) 
to C°(Q) (with the natural order), and 

lim Ua{x) — uniformly in Q; 
lim Ua{x) — oo uniformly on any compact subset of fl. 

o— >oo 

When b~^{0) :— {x e Q : b{x) = 0} is a proper subset of Q, the behavior of 
(1.1) is more complicated. Assume for simphcity that fo~^(0) = CC Jl, where 
is open, connected and with smooth boundary. Then it is known from [DGl] that 
(1.1) has no positive solution unless a e (A^, A^"), in which case there is a unique 
positive solution Ua which varies continuously with a and is strictly increasing in 
a. Moreover, ita — > uniformly on Q as a ^ Af + 0, but as a — > A^°, — > oo 
uniformly on and Ua ^ U uniformly on any compact subset il\no) where U is 
the unique minimal positive solution of the boundary blow-up problem 

-Apii = avF~^ - b(x)u'^, x e Q\^io', u\qq = 0, u\gQg = oo. 

To understand the effect of the exponent q on the unique positive solution of (1.1), 
we fix p and a and consider the cases that q ^ p — 1 + and q — * oo. In each case, 
we obtain a limiting problem which determines the asymptotical behavior of (1.1). 
The case when p = 2 was studied by E.N. Dancer, Y. Du and L. Ma in [DDM]. 

We first recall some simple properties of the first eigenvalue of the p-Laplacian. 
Let (p £ L'^{^) and denote by X^{(/)) the first eigenvalue of the problem 

—ApU + (l)\u\^~'^u — X\u\^~'^u, u\Qii — 0. 

Clearly, A^(0) = A^^. It is known from Proposition 2.6 of [CDG] that A^(0n) 
A^(0) whenever 0„ ^ in L°°(Q), and when ^ < but (f) ^ in Q, then A^(0) < 
A^('0). It follows from (ii) and (iii) of Proposition 2.6 of [CDG] that, when b{x) > 
5 > on Jl, then A (a) := Xi{ab) is a strictly increasing function with A(0) = A^ and 
X{a) > Xi{a5) := A^(0) + q;5 ^ oo as a ^ oo. Therefore, for any given a > A^, 
there is a unique a > such that 

a = X^{ab). (1.2) 

We denote by Ua the corresponding positive normalized eigenfunction: 

-ApUa + abUP-^ ^aUP-\ C/„ > 0, C/a|aQ = 0, = 1- (1-3) 

Here and in what follows, we use the notation || • ||oo = || • ||L°°(n)- 

We can also consider the case that b~^{0) — Qq is not empty, we assume as before 
that Qo CC is open, connected and with smooth boundary. We will see from 

2 



Proposition 4.1 below that X{a) — X^{ab) is still strictly increasing and A(0) = A^, 
but 

lim A (a) = Af°. 

Thus for any given a G (A^^.A^"), there is a unique a > satisfying (1.2) which 
determines a unique Ua through (1.3). 

It is often important to determine what properties are retained when linear dif- 
fusion (p = 2) is replaced by nonlinear diffusion {p ^ 2). In this paper we are 
concerned with this problem for (1.1), where the linear diffusion case, as mentioned 
above, has been studied extensively and is relatively well understood. We stress 
that it is not always possible to extend results from the case p = 2 to the case 
p ^ 2 (for example, the existence and multiplicities of the eigenvalues of —A in 
Q with Dirichlet boundary condition); and even if such extension is possible, one 
has to overcome many nontrivial technical difficulties arising from the nonlinear and 
degenerate operator —Ap. Our main results of this paper are the following theorems. 

Theorem 1.1. Suppose that b{x) > on and a > Af . Let Uq be the unique 

positive solution of (l-l)- Then the following results hold: 

(i) When a < Af (6), we have Ug ^ uniformly onQ as q ^ p — 1 + 0. Moreover, 
as q^p— 1 + 0, 

(g-p+ l)ln||Mg||oo Ina, Ug/\\uq\\oo ^ Ua inC^{Q), (1.4) 

where a and Ua are determined by (1.2) and (1-3), respectively. 

(a) When a > Af (6), we have Uq ^ oo uniformly on any compact subset of fl as 
q ^ p — 1 + 0. Moreover, (1.4) holds. 

(Hi) When a — Af (6), we have Uq — > cUi in C^{Q) as q ^ p — 1 + 0, where Ui is 
given by (1.3) with a — 1 and 

c = exp J bUflnUidx/ J bUf+Uxy 

For the case that g ^ oo, we have the following theorem. 

Theorem 1.2. Suppose that b{x) > on Q and a > Let Uq denote the unique 
positive solution of (1.1). Then Uq ^ v in C^(fi) as q ^ oo, where v is the unique 
positive solution of 

-ApW = ax{^<i}W^~\ w > 0, w\Qn = 0, ||w||oo = 1. (1.5) 

The uniqueness of solutions of (1.5) is in the following proposition. 

Proposition 1.3. For any a > X^, (1.5) has a unique positive solution, and when 
a < X^, (1.5) has no solution. 
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When fio ^~^(0) is a nontrivial subset of it turns out that the techniques in 
proving Theorems 1.1 and 1.2 are not enough. We need the following new ingredient 
for deahng with this case. 

Lemma 1.4. Suppose that {un\ C C^{Q) satisfies (in the weak sense) for some 
positive constant X, 

-ApUn < \\Un\^'''^Un, Un > in Un\dn = 0, ||w„||oo = 1- 

Then it has a subsequence converging weakly in Wq'^{Q) and strongly in L"^(Q) for 
any m>l, to some u e Wq'^{9,) n L°°{Q,) with u^O. 

Theorem 1.5. Suppose that Qq = ^~^(0) has nonempty interior which is connected 
with smooth boundary and CC Q. Let a e (A^, Af°) and denote by Uq the unique 
positive solution of (l-l). Then the conclusions (i)-(iii) in Theorem 1.1 hold. 

When 6~^(0) ^ and g — >^ oo, we have the following theorem. 

Theorem 1.6. Suppose that VLq = 6^^(0) has nonempty interior which is connected 
with smooth boundary and Qq CC Q. Let a e (A^, A^°) and denote by Uq the unique 
positive solution of (1.1). Suppose that qn ^ oo and denote Un — Ug^. Then, subject 

to a subsequence, Un ^ u in L'^{Q) for all m > 1, where u & K is a nontrivial 
nonnegative solution of the following variational inequality: 

I \Du\P-'^Du-D{v-u)dx- I auP-\v -u)dx>0, e K, (1.6) 
Jn Jn 

K ■.= {we W^o'^(O) : w<l a.e. in 

Theorem 1.5 concludes that, when b~^{0) ^ and g — > p — 1, the behavior of Uq 
is the same as when b~^{jS) — 0. But Theorem 1.6 concludes that this is not true for 
the case when ^ oo. It is possible to show that for any given compact subset D 
of Q, there exists a large such that the unique solution of (1.5) satisfies ty = 1 on 
D when a > an- It is easily seen that for such a, and for those <Z D satisfying 
Af° > a, if we lei u — w on Q\Jlo; ^-nd on let u equal the unique solution to 
—/S.pU — a\u\^~'^u, u\qciq — 1, then u solves (1.6). 

2. Proof of Theorem 1.1 

In this section we will give the proof of Theorem 1.1. The following lemma is 
well-known and easily obtained for p = 2. Now, we present a proof for p 2 by a 
scale argument. 

Lemma 2.1. Let a be a constant and w e VFo'^(Q) fl C^{Q) be nonnegative with 
w ^ 0, which satisfies, in the weak sense, 

—A.pW — {a — ab)w^''^, w\qq — 0. 
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Then we necessarily have 

a^X^iab). (2.1) 

Proof. We necessarily have a > X^{ab) by the definition of Xi{ab) (see [CDG]). 
Moreover, by the equation of w, there exists M > such that 

-ApW + MwP~^ > in O. 

The strong maximum principle (see [Va]) then implies that w > in Q. 
Now we show 

Let 0^ (q;6) with ||0i^(a6)||oo = 1 be the first eigenfunction corresponding to X^{ab) 
and 

/? = sup{/i e M : w - i^(j)i{ab) > in Q}. 

We have that 

w>(3(l)^{ab) inn. 

(For simplicity, we denote 0^(q;6) by 0i in the proof below.) We also know from 
[GWl] that < /3 < oo. Moreover, 

-ApW - {-Ap(/?0i)} + ab[tvP'' - {(3<Piy-'] 
> X^{ab)[wP-' - ipcpif-'] > 0. 

We will see that there exists 5i > such that w = in Qg^ , where Qsi — {x E Q : 
d{x, dO) < 5i}. This clearly implies that 

(a — ab)w^~^ — —ApW 

= -Ap{(5ct>^)^[X'l{ab)-ab]{(5ct>,Y-^ in 

and thus 

a — X^{ab). 

Now we show that there exists 5i > such that w = (3(j)i in Vt^^. We first show 
that there exists 77 G where w — f3(f)i vanishes. On the contrary, we have that 
w > f3(j)i in VL. Since a — ab E L'^{Q), by the strong maximum principle (see [Gul, 
Va]), we have that ^ < and < on 91] (here is defined as in [GWl]). On 
the other hand, the compactness of dfl implies that there exists 61 > and k > 
such that 

< —K and — < —K < U tor a; e iz^^. 



dns(x) dns[x) 
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where ns(x) is defined as in [GWl]. Therefore, 

t^^^(x) + (1 - t)^^^^(x) < -K for X e Qs, and all t e [0, 1]. 
dns{x) dns{x) 

Hence, using the mean value theorem, we obtain 



(2.2) 



E 



2J 



_d_ 

dxi 



a'\x) 



d{w - 

dx.; 



> (A^(a6) - ah)[w^-^ - {(5(t)if-^] > in f]^, 

where a'^{x) = |f^[t£>w + (1 - t)D(P(j)i)]dt and = Iql^'hi (i^l,2,...N) for 
g= (gi,g2,...,giv) eR^. Set 
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Using (2.2), we see that — L is a uniformly elliptic operator on Q^^. Consequently, 
we have 

-L{w-(3(pi) > in (2.3) 
w{x) > (3(pi{x) in ^5^, and w — = on (part of dflsi)- 

By the Hopf 's boundary point lemma of the uniformly elliptic operator, we obtain 
^^^dn^^^ < on By arguments similar to those in [GWl], we see that there 
exists ^ > such that 

w{x) > (/9 + 6)4>i{x) for X eQ. 

This contradicts the definition of p. 

To obtain our conclusion, we need to show that there exists fj e where w — (5(f)i 
vanishes. Otherwise, we can choose a domain C with 9Jlo C Q^Si and 77 e JIq 
but w — > T > on 9Qo- Let y — + r. Then 

-\w - {-Api/} = (a - a6)«;P-^ - (Af(a(^i) - a6)(/30i)f-^ > in 

and 

w >y on. dfto- 

The weak comparison principle (see [Gul]) then implies that w — > r > in 
Qq. But this contradicts the fact that w — vanishes at 77 e Qq- This completes 
the proof. 

Now we give the proof of Theorem 1.1. 



Set Mq — \\uq\\rx, — uisix-^Uq. Then it is clear that the maximum is achieved in the 
interior of the domain Q, say at e Jl. Using the equation for Uq at the maximum 
point X — Xq we claim 

aMP-' - h{xq)Ml > 0. 

Hence, 

M^~P+^ <a/mmb. (2.4) 

We need to explain a little here. Suppose aM^~^ — b{xq)M^ < 0. We can find 
a neighborhood Bp{xq) {p > 0) such that au^~^ — bu'^ < in Bp{xq). Defining 
w = Mq — Uq, we see that w > in Bp{xq) and w attains its minimum at Xq. On 
the other hand, 

—/S.pW = ApUq > in Bp{xq). 
This contradicts the strong maximum principle (see [Gul]). Thus, our claim holds. 

To understand the asymptotic behavior of -Ug as g — >■ p — 1 + 0, we choose an 
arbitrary sequence g„ ^ p — 1 + and use the notation 

Clearly Wn satisfies the problem 

-\wn = awl^^ - a-abw^^, Wnlan = 0. (2.5) 

From (2.4) one sees that the right-hand side of (2.5) has a bound in L°°(f2) which 
is independent of n. Thus, by the regularity of — Ap (see [Gul]) we see that there 
is a subsequence of {wn} (still denoted by {w„}) such that Wn w m. C^{Q). We 
may also assume that q;„ — > a. Then from (2.5) we obtain, in the weak sense, 

— Apty — [a — ab)w^''^, w\dn — 0. 

As w is nonnegative with ||w||oo = 1, we see by Lemma 2.1 that a = \i{ab) and 
hence a is uniquely determined by (1.2) and w = Ua given by (1.3). This implies 
that an ^ a and Wn — > Ua hold for the entire original sequences. Therefore, we 
have proved that M«-?'+^ a and Ug/Mg Ua m C\Tl) as g p - 1 + 0. This 
shows the validity of (1.4). 

When a < A^(6), we must have a G (0, 1) and it follows from 

lim (g -p+ l)lnM„ = Ina (2.6) 

g-»p-l+0 

that Mq — >Oasg^p— 1 + 0. This proves Part (i) of Theorem 1.1. 

When a > A^(6), we must have a > 1 and it follows from (2.6) that Mq — > oo 

asg— >p — 1 + 0. To prove Part (ii) of Theorem 1.1, it remains to show that as 
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5 — > p — 1 + 0, Ug{x) — > oo uniformly on any compact subset of fi. To this end, for 
any given large number T, we define V — TUa and obtain 

For those X where V{x) < 1, aV^'^ - > {a - > 0; on the set {x e Q : 

V{x) > 1}, since — » V^^^ uniformly as g ^ p — 1 + 0, and since aV^^^ — V^~^ > 
a — 1 > 0, we can choose e = e(T) > small enough such that aV^^^ — > 
for all g G (p — l,p — 1 + e). Thus, for g G {p — l,p — 1 + e), y is a subsolution to 
(1.1). As any large positive constant is a supersolution to (1.1), its unique positive 
solution Uq must satisfy Uq > V = TUa- This implies that as q ^ p — 1 + 0, Uq ^ oo 
uniformly on any compact subset of ^2 and Part (ii) of Theorem 1.1 is proved. 

We consider now the case that a = A^(6). We have a = 1 and hence cannot derive 
a conclusion for lim^^p-i+o from (2.6). Denote Wg = Uq/Mq. We see 

-ApWq = awP-^ - bUy+^wl wq\en = 0. 

Since — > C/i as g p — 1 + in C^(i7), and by the Hopf's boundary lemma, 
dUi/du < on 90, we obtain Wq/Ui — > 1 uniformly on Q. Thus, 

f \Dwq\P-^DwqDUi = / \DUi\P + o{l) 

= f {a - b)U! + o{l) 
Jn 

= [ {a-b)wl-'Ui + o{l). 
Jn 

Thus, we obtain that asg— >p— 1 + 0, 

[ {a- b)wP-^Ui = [ {avjP-^ - bMy+^w^Uidx + o(l). 
Jn Jn 

Hence 

/ b{wP-^ - MfP+'wl)Uidx^o{l), 
Jn 

and 

r TVf - 1 /■ 1 - w'^~P+'^ 

/ hw'iUidx= / bwl^^Uidx + oil). (2.7) 

We see that 

II Inwq - lnC/i||oo = o(l) 

as g — > p — 1 + 0. Therefore, 

1 _ ^(9-P+l){ln!7i+o(l)) 



uniformly on Q as — > p — 1 + 0. Prom this, we see immediately that the right-hand 
side of (2.7) converges to 

/ bUf In Uidx. 



Thus, 



lim ^ / ^hwlUxdx^ / hUllnUxdx 



and 



lim = / bUnnUidx/ / bUf+^dx. (2.8) 

We show next that c := limg^p_i+o Mg exists and is uniquely determined by 

lnc= / bUflnUidx/ [ bUf+^dx. 
Jn Jn 

We first claim that 

:= lim^ ^ , nM^ > 0, M* := EK,^p_i+oM^ < oo. 

Otherwise, we can find a sequence {g„} with g„ ^ p— 1+0 such that M„ Mg^ — >■ 
or M„ — >■ cxD. in the former case, we deduce, for all large n, 

< Ine 

Qn-p+l Qn-p+l 

as n ^ OO, for any given e > 0. This leads to a contradiction to (2.8). In the latter 
case, we obtain, for all large n, 

> > InM 

Qn-p+l Qn-p+l 

as n — > OO, for any given M > 0. This also leads to a contradiction to (2.8). Thus, 
< < M* < oo. For any given small e > 0, a similar argument to the above 
leads to 

ln(M, + e)> [ bUlluUidx/ [ bUf^^dx, 
Jq Jn 

ln(M*-e)< [ bUflnUidx/ I bUf+^dx. 
Jn Jn 

Thus we necessarily have 

M,^ M* ^c^exp(^J bUflnUidx/ J bU^^^dx^ 

and — > cC/i as g — > p — 1 + in C^(Q). This completes the proof of Theorem 1.1. 
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3. Proof of Theorem 1.2 



We still have (2.4). Let be a sequence with g„ — >^ oo as n ^ oo and we 
use the notation in (2.5). We find that Wn satisfies (2.5) whose right-hand side has 
a bound in L°°(Q) which is independent of n. Thus, as in Section 2, subject to a 
subsequence, Wn — > w in C^{Q). 

The equation satisfied by w„ can also be written as 

-ApWn = a<-i - wr^lan = 0. (3.1) 

Prom (2.4) we deduce 

<ul^-P+^ <a/mmb. (3.2) 
n 

Hence, by passing to a subsequence, we may assume that bu^'^'^^ ip weakly in 
I^'(Q) where 1/p+l/p' = 1. Clearly we must have < ^ < ||6||ooa/ minQ 6. Passing 
to the weak limit in (3.1) we find that w e Wo'^'in) is a nontrivial weak solution to 
the problem 

-ApW = (a - V')w^~\ w\dn = 0, ||w||oo = 1- (3.3) 
Since a — ip^ L^{Q), we see from [Gul] that w G C^{Q). Moreover, there is M > 
such that 

-ApW + MwP~^ > inn. 

It follows from the strong maximum principle (see [Va]) that w{x) > for x & fl. 
Prom (2.4) we obtain 

/ \l/(9n-p+l) 

M„ < ya/ rnin bj — > 1 as n — > oo. 

It follows that lim„^oo^n < 1- If lim „^^M„ < 1, then by passing to a subsequence, 
we may assume that M„ < 1 — e for all n and some e > 0. It follows then < 
(1 — e)^""^"*"^ — > as n — oo. Hence = and w is a positive solution to 
—ApW = awP~^, w\gn — 0, Halloo = 1- This and Lemma 2.1 imply that a = A^, 
contradicting our assumption that a > Thus we have proved that ^ 1 as 
n ^ oo. It also follows that Un ^ w in C^{fl). 

Let Qi := {x E Q : w{x) < 1}. Then for any x G Qi, wc can find 6 > such that 
Unix) < 1 - 5 for all large n. It follows that < Un{x)"+'^ < (1 - 5)^"^^+^ ^ 
as n — > oo. Thus we must have i/j — a.e. in fli. On the rest of Q, w = 1 and we 
necessarily have ApW = 0. (Here we regard w as a member of W^'^'in) n C\n).) 
Thus from (3.3), we deduce ip — a a.e. on Therefore, w satisfies 

-ApW = axiwKiyw^'^ , w > 0, w\qs^ = 0, \\w\\^ = 1. (3.4) 
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This completes the proof. 
Proof of Proposition 1.3 

We first consider the case that a < . Suppose (1.5) has a solution w in this 
case. Then 

[ \Dw\Pdx <a I w^dx < I w^dx. 
Jn Jn Jci 

This contradicts the definition of A^. 

For a — A^, we see that 0^ is a solution of (1.5) with X{<j)2<i} — ^ ^■ 
Indeed, we have that 

a / (1 - X{,t>»<i})vJ^~^dx = 
Jn 

Since w > in Q, this gives us that X{4>2<i} = 1 ^i.e. in fl. 

For a > A^, the proof of Theorem 1.2 implies that (1.5) has at least one solution. 

In what follows, we only need to prove the uniqueness of solutions of (1.5). We 
do this by a scale argument similar to that in the proof of Lemma 2.1. What we do 
is to show that if ui and U2 are two solutions of (1.5), then ui > U2 and U2 > ui in 
fl. 

Let 

(3 — sup{/i e M : ui — 11U2 > in fl}, 
7 = sup{/i e R : U2 — iJ>ui > in fl}. 
Since ui e C^{0,), U2 G C^ifi), we see from [GWl] that 

0</5<oo, 0<7<oo. 
Moreover, by the fact that ||Mi||oo = 1 (i = 1, 2), we see 

/3 < 1 and 7 < 1. 

The proof can be divided into two steps: 

Step 1. The case that < /3 < 1 and < 7 < 1. 
Step 2. The case that /3 = 1 or 7 = 1. 

Note that \i (5 — 1 and 7 = 1, we see that ui > U2 and U2 > ui and hence U2 = U2 
in fl. This is our conclusion. 

Step 1. We know < /3 < 1 and ui > Pu2 in fl. On the other hand, it follows 

from the Hopf's boundary lemma (see [Gul, GWl]) that 

dui du2 
-00 < - — < 0, -00 < - — < on dfl. 

For 5 > we let 

fls — {x & fl] dist{x, dfl) < 5} 
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Since dQ is compact, there are S* > and k, > such that 

dui du2 

< —K and < —K m \h*. 



We can choose 5* > small enough such that i^i < 1, < 1 in ^s*- Thus Ui and 
U'2, satisfy the problem 

— ApMj = aw^"^ in ^2^* for i = 1,2. 

We first show that there exists at least one point xq where ui — (3u2 vanishes. 
On the contrary, we see ui > (5u2 in Q. Therefore, 

-L{m - Pu2) := -ApMi - {-Ap{(3u2)} = a[<-^ - (/S^sf"'] in Q^*, (3.5) 

where —L is defined in the proof of Lemma 2.1 and thus is a uniformly elliptic 
operator in fls*- It is easily seen from (3.5) that 

—L{ui — (5u2) > in Jl^.. 

The Hopf 's boundary lemma then implies that there exists ^ > such that 

ui{x) — (3u2{x) > Mist(x, dfl) for x e fls*- (3.6) 

Since 

£idist{x, Oil) < U2{x) < £2dist(a;, 9f2), 
where 4 > -^i > (see [GWl]), (3.6) implies 

ui{x) > (/3 + 9*)u2{x) for x e9,s*, 
where 9* > 0. This and the fact that Ui > I3u2 in Vt imply 

ui>{l3 + e**)u2 in Q. 

This contradicts the definition of (3. 

Now we claim that there exists a point in Q5* where Ui — (3u2 vanishes. On the 
contrary, we can choose CC with dflo C fig* and r > such that Ui — (3u2 > r 
on dflf). Moreover, there is at least one point in where Ui — (3u2 vanishes. We 
can choose r small enough so that /3 + r < 1. Setting w — Pu2 + r, we see from the 
fact ll-Uilloo = 1 (^ = 1)2) that 

-ApUi- {-Apw} = ax{ui<i}Ui~^ - ax{u2<i}if^U2y~^ 

> aX{ui<i}U^i~^ - aX{pu2<i}{Pu2f~^ 

= ax{„i<i}<~^ - a{/3u2Y~'^ in Qq- 
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Let T — {x e fl : Ui{x) — 1}. We easily see that T CC and Ui > w in T . 
Thus, for X e ilo\-^, we see that 

—lS.pU\{x) — {— Apw(x)} > a 

The weak comparison principle (see [Gul]) implies that u\>w\vl ^^\T . This also 
implies U\ > w{= (3u2 + t) in Qq, which contradicts the fact that there is at least 
one point in Qq where Ui — I3u2 vanishes. This contradiction implies that our claim 
holds. By the form of equation (3.5) and the strong maximum principle, we see 

ui = (5u2 in 

Since < 7 < 1, the similar argument implies that 

U2 = 7^1 in VLs* ■ 

Therefore, 

ui = (5^ui in Q^s* 

and hence 

/37=1. 

But this contradicts the fact that (3^ <1. 

Step 2. We only consider the case that P ~ 1. The case 7 = 1 and /3 < 1 
can be treated similarly. We see that ui > U2 in Q. On the other hand, we see 
X{«i<i} < X{«2<i} in ^- Then 

-ApUi - ax{u2<i}Ui~^ < < -ApU2 - ax{u2<i}ul~^ on 
By a comparison principle (see Proposition 2.2 of [DGl]), wee see that 

U2 > Ui in Q. 

Therefore, 

Ui = U2 in fl. 
This completes the proof of Proposition 1.3. 

4. Proof of Theorem 1.5 

We first see the fact mentioned in the introduction. 

Proposition 4.1. Let {qk} be an increasing sequence of nonnegative functions in 
C^{Q) and n > 1 an integer number. Assume that Qi, . . . ,Qn (ii"^ smooth subdomains 
of fl such that fli,...,Qn pair-wise disjoint and contained in fl. Moreover, 
suppose that 

qk = on U^^^fli (4.1) 
13 



u 



p-1, 



X 



- {PU2) 



> 0, ui > w on dQo\J^. 



and that 



lim mingjt(x) — oo, (4.2) 

A;— >oo xEK 



for any compact subset K ofQ\ Uf^^ Jlj. Then, 

X^iQk) T min Af^ 

l<i<n 

as k tends to infinity. 

Proof. To keep the notation within reasonable bounds we only prove the case 
n — 2. Without loss of generality we can assume that 

By the property that X^{qk) < X^^{qk) and (4.1), we see 

Af (g.) < X^\ 

Thus, limjk_^oo Xi{qk) exists and lies below \ It suffices to show that for any e > 
there exists ko > 1 such that 

< A?i - X^iQk) < e (4.3) 

for all k > ko. Fix e > 0. By the continuous domain dependence and domain 
monotonicity of the Dirichlet principal eigenvalue for i — 1,2 there exist smooth 
subdomains fl^ containing f2j such that 

nl [jnlcn, IT^nUl^ 0, (4.4) 

A^ < A;^ 

and 

xT' < Al^^ < Af + e, (4.5) 
for i = 1,2. Let ipi be the principal eigenfunction associated with A^', which is 
unique up to positive multiplicative constants. By definition, 

-Apifi = Aj'vr' in fi^O on d^l (4.6) 

for i = 1, 2. We now choose two smooth subdomains, fi^ and such that 

c n* c n* c ni 

for i = 1,2 and take any strictly positive function u e C^(0) with ApU e C^{il) 
satisfying 

u^ipi in Q,* (4.7) 

for i — 1,2, and 

u>0 on dQ. (4.8) 
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As w > 0, it follows from (4.5) that 

-ApU + qk{x)uP~' + (e - X^')uP-' > fk{x) in H (4.9) 

where 

Mx) -ApU+{qkix) - xT')u'-\x), 
for X e Q and k >1. Moreover, since Q'jt > we find from (4.6) and (4.7) that 

/fc > in u n*2, k>l. 

On the other hand, (4.2) implies that there exists kQ> 1 such that 

fk>0 in K :^ n\(Q* U Q*) 
for all /c > 1. Thus, > in for any k > ko and hence 

-Apu + qk{x)i?-^ + (e - X^')vF-^ > in n, u > on dQ, 
for all k > ko- Now we claim 

Xi{qk + e-X^')>0, k>ko. (4.10) 

(4.10) implies 

A? ^ - Af (gfe) < e. A; > A;o 

and the conclusion of this proposition holds. 

Let (7 < be arbitrary. Then, for any a > the function au is a super-solution 
of the problem 

-ApU^[a-{qk{x) + €-Xi')]\u\P-\ + u inn, u ^ on dQ, (4.11) 



where 

CO — a^"^ rnin 

a, 

Suppose the problem 



ApU + {qk{x) + e - ^)i?'-^] > 0. 



-ApU + {qk{x) + e - X^')\u\P-\ = a\u\P-\ in h = on dfl (4.12) 

has a positive solution u. Then, there is a M > a such that 

u<Mu in a (4.13) 

It is clear that {^u : ^ e [q;,M]} is a family of super-solution of (4.11) and u is 
a sub-solution of (4.11). Thus, by a sweeping out result (see Remark 2.6 (2) of 
[GW2]), we see that 

u < au in Q. 
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The arbitrariness of a imphes that (4.12) does not admit a positive solution. There- 
fore, 

A^^(gfc + e-Af^)>0 

and our claim (4.10) holds. This completes the proof of this proposition. 
To prove Theorem 1.5, we first present the proof of Lemma 1.4. 
Proof of Lemma 1.4 

It follows from the inequality satisfied by Un that 

I \Dun\^dx<\ I uldx<\\n\. (4.14) 
J^i Jn 

This implies that {||'^^n||^yi.p(n)} is uniformly bounded. Thus it has a subsequence 
(still denoted by {un}) and u e Wq'^{VI) such that 

Un ^ u weakly in Wq'^{Q,), Un ^ u strongly in LP(p,), as n — > oo. 

As ||Mn||oo = I, Un ^ u in L^^Q) implies m„ — > w in L'"(fi) for all m > 1. Clearly 
0<u<l. 

It remains to show that u ^ in Q. Indeed, if u = 0, then we have m„ ^ in 
L"*(Q), for all m > 1. Let Vn be the unique solution of the problem 

—ApVn — Am^~^ in fl, Vn — on dfl. 

Then the regularity theory in [Gul] implies that Vn ^ in C^(Q) as n — > oo. On 
the other hand, it follows from the weak comparison principle that 

< < in fl. 

Thus, w„ — > in L°°(Q), contradicting ||wn||oo — 1- Therefore, we must have u^ 0. 
The proof is complete. 

We are now in the position to give the proof of Theorem 1.5. We will mainly 
follow the lines of the proof of Theorem 1.1. The main difficulty is that the estimate 
(2.4) is of no use anymore and therefore it is unclear whether is still bounded. 
We will use Lemma 1.4 to overcome this difficulty. 

Let Qn be an arbitrary sequence of numbers converging to p — 1 + 0. We employ 
the notation in (2.5) and find that Wn meets the conditions in Lemma 1.4. Hence, 
by passing to a subsequence, we may assume that ll'Ji'nllvK^'^(n) ^ C*, t(;„ — > ty weakly 
in Wq'^{Q), strongly in L"'{n) for any m > 1, and w ^ 0. 

We claim that is bounded. Otherwise, by passing to a subsequence, we may 
assume that — > oo. Now we multiply (2.5), the equation satisfied by Wn, hy (f)/ an 
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with e C^{Q) and integrate by parts. We obtain 

(ctn)^^ / \Dwn\^^^ DwnD(j)dx = (ctn)^^ / aw^^(j)dx — I bw^c 
Jn Jn Jn 



IX. 



Notice that 

i/p 



n 



\Dwn\^~^DwnD(t)dx < (^j \DtVn\'dxY ^^'^ \D(t)\ 

< CP-^(^ j \D(t)\Pdx^ 
Letting n — > oo, we deduce 

/ hwP-^(l)dx = 0. 
Jn 

As is arbitrary, this imphes that bw^'^ = in Q. Hence, w = on Q\Jlo- Since 
w e Wo^'^(fi) and dQ,o is smooth, this imphes that w\no & Wo^'^(Qo)- Multiplying 
the equation for Wn by an arbitrary e C^(Qo) and integrating by parts, we obtain 

/ \Dwn\^~^Dwn ■ D(f)dx = / aw^^(t)dx. 

Passing to n — > oo we obtain 

/ \Dw\P-'^Dw D4)dx ^ I awP-^(j)dx. 

Thus is a weak solution of the problem 

-\u = au^~^, -ulaQo = 0. 

As w = on Q\Qo a-nd w ^ 0, wIq,, is nonnegative and not identically zero. Hence we 
see by the scale argument as in the proof of Lemma 2.1 that a — A^°, contradicting 
our assumption that a < A^°. This proves our claim that is bounded. 

The rest of the proof follows from that of Theorem 1.1 except that to prove 
Uq > TUa, we use a comparison principle in [DGl] (which holds for functions). 

5. Proof of Theorem 1.6 

To prove this theorem, we use some fine properties of the limiting function u in 
Lemma 1.4 and of functions in 1^^'*'(]R^) as mentioned in [DD] and [DDM]. Note 
that the fine properties of functions in H^{EJ^) given in [DD] and [DDM] hold for 
functions in W^'^{MJ^). This can be known from [H]. We collect these fine properties 
in the following lemma. 

Lemma 5.1. Let u and Un he as in Lemma 1.4- Then the following conclusions 
hold: 
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(i) u{x) = \imj._^Q u{y)dy/\Br{x)\ exists for each x ^ Q, where Br{x) denotes 
the ball with center x and radius r, and \Bj.{x)\ stands for the volume of Br{x). 
Moreover, u = u a.e. in fl. 

(a) u is upper semi- continuous (u.s.c. for short) on Q., and for each Xq & VL and 
any given e > 0, we can find a small ball Br{xo) C such that for all large n, 

Unix) < u{xo) + e, Vx e Br{xo). 

(Hi) If V E W^'^iM.^), then v{x) = \imr-^Q ^^^v{y)dy /\Br{x)\ exists for all 

X e except possibly for a set of {l,p)- capacity 0. Moreover, v = v a.e. in 
and if v vanishes on a closed set A in ( except for a subset of A of capacity 
zero), then there exists a sequence of functions 0„ G W^^'^(]R'^) such that each 0„ 
vanishes in a neighborhood of A and (j)n^ v in W^'^{R.^). 

Now we give the proof of Theorem 1.6. 

Let qn be a sequence converging to oo and use the notation in (2.5). Then as 
before, by Lemma 1.4, subject to a subsequence, w„ — > w weakly in and 
strongly in U^{Q) for any m > 1, and w ^0. 

Step 1. We show that {M„} is bounded. 

Step 2. By passing to a subsequence, we may assume that M„ — > c e [0, oo) as 
n — > oo. We show that c > 1. 

Step 3. We show that w < 1/c a.e. in Q\Qo- 

Step 1. Since a < A^°, we can find a small 5-neighborhood Q,s of JIq such that 
a < . Let 05 denote the normalized positive eigenfunction corresponding to * : 

-Ap(j)s = A^^05, (psldils = 0, ||05||oo = 1, 

and let t/j e C^(Q) be an extension of (l)s\ns/2 ^ such that Api/j e C(Q) and 
T] :— minjy'^ > 0. We find, for any positive constant T, 

\{T^iP) + aiTijf-' - hiT^y < (a - A^^)(TV)^-^ < 0, in 
Ap{Ti/j) + aiTil^f-^ - hiTil^y = TP-'(ApV' + aV'^"^) - bT'^tl^^ in Q\il5,2. 
Let ^ = infs7\f^^^2 ^ 

i/(g-p+i) 



T •— 



sup(ApV + a'4)^-^)r]-'^ 
n 



We easily see that for T = Tq, 

Ap{TiP) + a{Tipy-^ - h(Til:Y < 0, in 

Therefore, Qqt/j is a supersolution of (1.1). As (1.1) has arbitrarily small positive 
subsolutions, its unique positive solution Uq must satisfy Uq < Tqip. Clearly Tq — > I/77 
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as g ^ oo. Thus, for any qq > p—1, {Mg : q > qq} is bounded. In particular, {M„} 
is bounded. This completes the proof of Step 1. 
Step 2. Let Vn be the unique solution of 

-Apv = av^-' - \\b\\^v'^\ v\9n = 0. 

By Theorem 1.2 we know ||f„||oo ~^ 1- On the other hand, a comparison argument 
(see [DGl]) shows > Vn- Hence c > 1. 

Step 3. w < 1/c a.e. in n\no- Otherwise the set {x G Q\Qo : w{x) > 1/c} 
has positive measure and we can find some Ci > 1/c such that fli :— {x e fl\flQ : 
w{x) > Ci} has positive measure. As — > w in IJ^{fl), by passing to a subsequence, 
Wn —>■ w a.e. in fl. Hence, by Egorov's theorem, we can find a subset of Qi, say 
Q2 which has positive measure and such that Wn ^ w uniformly on It follows 
that Un cw uniformly on 0,2- Thus, there exists e > such that for all large n, 

Un > 1 + € on 0.2- 

Let (f) G C(f (O) be an arbitrary nonnegative function, and multiplying the equa- 
tion for Wn by 4> and integrating over Q, we obtain 

[ \Dwn\^~'^Dwn ■ D(j)dx = a /" w^-^(j)dx - I bul^-^+^w^-^cpdx. 
Jn Jn jQ 

Hence, for all large n, 

(1 + e)"+^ I bwP-^(f)dx < [ bul"-P^^wPn-^(f)dx 

< - \Dwn\^~^Dwn- D(l)dx + a / <~Vc^2;. 
Jq Jn 

Dividing the above inequality by (1 + e)^""^"*"^ and letting n — > 00, we deduce 

/ bwP-'^(f)dx = 0. 

J{i2 

It follows that w = a.e. in Q2, contradicting the assumption that w > Ci there. 
This proves Step 3. 

Using Un = MnWn and denoting u — cw, we see from Lemma 5.1 and Steps 1-3 
above that the following result holds: 

Lemma 5.2. (i) {||m„||oo} is bounded. 

(a) Subject to a subsequence, Un ^ u weakly in WQ'^{il) and strongly in L'^{il), 
Vm > 1. 

(Hi) u < 1 a.e. in fl\QQ and \\u\\qo > 1- 

(iv) u{x) :— limr_,o /g (^.^ u{y)dy/\Br{x)\ exists for every x G 

(v) u{x) is u.s.c. on and u — u a.e. in Q. 
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(vi) For each G and any given e > 0, we can find a small ball Br{xo) C 
such that for all large n, 

Un{x) < u{Xo) +6, Vx e Br{Xo). 

We are now ready to complete the proof of Theorem 1.6. The main idea is similar 
to that in the proof of Theorem 1.6 of [DDM]. Multiplying the equation for Un by 
(j) e C^{^), we deduce 

/ \Dunf~'^Dun ■ D(j)dx ^ a vF~'^(j)dx - I b{x)u'^(j)dx. 
Jn Jn Jn 

It follows that, subject to a subsequence, 

lim [ b{x)ul"(pdx = - [ \Du\P-^Du-D(Pdx + a [ uP-^(pdx, ^(p e C^{n). (5.1) 
Jn Jn Jn 

Clearly the right-hand side of (5.1) defines a continuous hnear functional on Wq^{Q): 

jr(0) = - / \Du\P-^Du- D(f)dx + a [ uP-^(pdx. 
Jn Jn 

Arguments similar to those in the proof of Theorem 1.6 of [DDM] imply 

J^{(j)) > 0, V0 e Wo'P{n) satisfying > a.e. on n\no, (5.2) 

:r(0) = 0, V(/) e W^'^in) satisfying supp((/)) C U {ti < 1}. (5.3) 

The rest of the proof is same as that of Theorem 1.6 of [DDM], we present it for 
completeness. By Lemma 5.2 (iii), we easily see that it < 1 on the open set Q\Qo. 
We show next that u is close to near dO, and it < 1 on d^Q. By Lemma 5.2 (i), 
we can find M > such that au^"^ < M on Q for all n > 1. Therefore 

-ApUn = a<-^ - 6(a;X" < M on fl. 

If V is given by 

-ApV = M in Q, V\an = 0, 

we obtain by the comparison principle in (see [Gul]) that Un < V. It follows that 
u < V. Therefore, u is close to near dQ. Since < 1 on Jl\Qo, we must have 
■u < 1 on dQo except possibly for a set of capacity zero (see, [DDM]). 

Prom the above analysis, we see that it is possible to choose e Cq'{Q) such that 
< < 1 on Q and = 1 on a ^-neighborhood Ns of {u — 1}. Let v E K he 
arbitrary and denote v — max{^;, 0}. Clearly < v — v & W^'P{n). Thus, by (5.2), 

/ \Du\^~^Du ■ D{v — u)dx — a / u^~^{v — u)dx = —J^{v — u) 
Jn Jn 

— J-{v — v) -\- !F{u — v) > J-{u — v). 
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Denote u* — u — v. Clearly u* e Wo^'^(Q). Now we choose ijj e C'^(Q) satisfying 
< < 1 on Q, = on Jl\A^(2/3)5, t/j — 1 on A^(i/3)5. Then clearly 

SUpp((l - l/j)u*) C n\%/3)5 C {m < 1} U Qq. 

Hence, by (5.3), 

As = on f^\iV(2/3)5, and v — max{t;, 0} = 1 a.e. on A^^, we find that ipu* — 
ip{u — 1) a.e. on Q. Since ip{u — 1) is zero outside N(2/2,)5 it can be regarded as a 
member of 1^^'^(]R^). It is easily seen that the representative of '4>{u — 1) obtained 
through the limiting process in Lemma 5.1 (iii) is il){u — 1). Thus we obtain 

T{u*) = T{^l:u*) = T{^l:{u - 1)). 

As It < 1 on Q\Q,Q and is u.s.c, we find that the set Ai :— {u — 1} f] {Q\Qo) is 
closed. Let A2 :— 'R.^\N(^2/3)s and A — Ai[jA2. We know that tlj{u — 1) vanishes on 
the closed set A (except possibly for a set of capacity zero) and so by Lemma 5.1 
(in), it can be approximated in the 1^^'^(R-^) norm by (f)n G W^''^(R^) with each 
0„ vanishing in a neighborhood of A. Therefore, supp(0„) C {it < 1} U Qq, and by 
(5.3), :r((/)„) = 0. It follows that 

J^{u*) = J^{^{u - 1)) = lim JF(0„) = 0. 

n— »oo 

We thus obtain 

/ \Du\P-'^Du ■ D{v - u)dx -a I vF-^{v - u)dx > 0, Vt; e K. 
Jo. Jn 

That is to say that m G AT is a solution of (1.6). This finishes our proof of Theorem 
1.6. 

6. Comments 

Just as in [DDM], we believe that the following result is true. However, we can 
only prove it in the special case when N < 2. 

Conjecture 6.1: Suppose that C C^{n) satisfies (in the weak sense) for 

some positive constant A, 

-ApUn < X\Unf~^Un, Un > in fl] Un\dn = 0, ||Mn||oo = 1- 

Then it has a subsequence converging weakly in Wq'^(Q) and strongly in L"^(Q) for 
any m > 1, to some u with \\u\\oo — 1- 
Proof of Conjecture 6.1 when N <2: 
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It follows from the inequality satisfied by Un that 

/ \Dun\^dx<X [ uldx<X\n\. 
Jo, Jn 

This implies that is uniformly bounded. Thus it has a subsequence 

(still denoted by {un}) and u e Wq^{Q) such that 

Un ^ u weakly in VFQ^'^(n), Un ^ u strongly in L^ip), as n ^ oo. 

Note that once we a uniform L°° bound on Um we have Un ^ u strongly in L"*(Q) 
for any m > 1. 

To show that ||w||oo — we argue by contradiction. Assume that \\u\\^ — 1 — e < 
1. We will show that ||iin||oo < 1 for large n, which gives us a contradiction. 
Solve 

-ApVn = A|m„|P"^m„, Vnlan = 0, 

By the comparison lemma, it is clear that n„ < w„ in Q. By regularity theory [Gul], 
we may assume that converges to v in Cq{CI). Hence we can find a neighborhood 
U of dQ in Q such that m„ < f„ < e < 1. 

In the following, we will show that for any point xq E — U, we can find a small 
open ball Br := Bx^^ := Bxq{R) centered at Xo with radius R such that < 1 — e/2 
on Bji for all large n. Covering Q — U hj finite many such balls then gives us the 
conclusion that m„ <1 — e/2onr2 — f/. Hence we get a contradiction. 

Since we are in the case N = 2, we can choose R > such that 

/ \Dun\^dx < C 

and 

[ \Du\Pdx < C. 

Now, we let Un be the harmonic function extension of Un\dBa and let Uoo be the 
harmonic function extension of u^\qbh- By the maximum principle we know that 
|^n|L°°(Bji) < 1 |^oo|l°°(Bji) < 1- We also have the following standard estimates: 
There is a uniform constant go such that 

\Un{x) -Un{x')\ < go\x - x'\^P-'^/P 

and 

\uoo{x) -Uoo{x')\ < go\x - x'\^-'y^ 
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for all x,x' E Br. Since, for any fixed small i?o > 0, 

\Un - Uoo\dx < \Un - Moo|l1 ^ 0, 



as n ^ oo, we have 



for almost every R e (O,it!o)- Hence, using Poisson's expressions for the harmonic 
functions TZ„ and Uoo-, we have 

\Un - Uoo\{x) 

uniformly in Bji. 

Let Wn be the unique solution to the problem on the ball Br: 

-ApWn = A, WnldBn = Un, 

and Let Woo be the unique solution to the problem on the ball Br: 

— ApWoo = A, WooldBii = Uooi 

The uniqueness of the solutions are obtained by the comparison lemma (see [Va] .)The 
existence of Wn can be obtained by minimize the following functional 

Dp{u) = - I \Du\Pdx - \ I udx 

over the space u^-\- WI'^{Br). In fact, the functional -Dp(-) is easily seen bounded 
below by using the Sobolev inequality and -Dp(-) G C^{W^''^{Br)) is weakly lower 
semi-continuous in W^'''^{Br). So there is a minimizer of Dp{-) on the space u^-\- 
Wq^{Br)., and the minimizer is our Wn- In the same way, we find the existence 
and uniqueness of w^o- By the regularity theory [T] we know that they up to 
boundary of Br. Note that A > A|ii„|^~^ii„ on Br. By the comparison lemma we 
get that Wn > Un and w^x, > itoo on Br. Solve the problem 

-ApW = A, w\aBii = l- e/4. 

We find that w{x) = x^/^-^\Rp/^-^^ - \x\p/^-'^^) + 1 - e/4, which is less than 
1 — e/8 provided > is small enough. Recall that our assumption on Uix, is 
< u^{x) < 1 — e on fi. So by the comparison lemma again we find that w > 
on Br. We now that Un < Wn — Wn — Woo + Woo ^ Wn — Woo + w on Br. We only 
need to show that Wn — w^o is small in L°°{Br). 
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Set a — {p—l)/p. Using a priori estimates of P. Tolksdorff ( see Proposition 6 in 
[To] , page 144) , we have a uniform constant Ci > such that 



\wn - Un\{x) < CiR", in Br 

and 

\woo - Uoo\{x) < CiR", in Br 

We remark that all the assumptions in Proposition 6 in [T] are satisfied except that 
P.Tolksdorf used the cube Q not our ball. But his argument clearly works for our 
case. We just replace his g by our harmonic functions it„ and itoo- 
By using the triangle inequality we have 

\Wn - Woo\{x) < \Wn - Un\{x) + \Woo - Uoo\{x) + \Un - Uoo\{x) 

< 2CiR'' + \un - Uoo\{x), in Br 

which can be made arbitrarily small, saying less than e/100 by choosing it! > 
sufficiently small, for all large n. We remark that all the assumptions in Proposition 
6 in [T] are satisfied except that P.Tolksdorf used the cube Q not our ball. But his 
argument clearly works for our case. 

Hence we have li^nK^^) < 1 — e/2 on Q. 

This completes the proof. 
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